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Abstract 



o. 

Q ■ We consider one type of weakly-irreducible not irreducible subalgebras of so(2, n + 2). 

1 ^ ' Each Lie algebra q^ of this type is uniquely defined by the associated subalgebra f) C so(n). 

For any t) C 5o(n) we realize g^ as the holonomy algebra of a pseudo-Riemannian manifold 
of signature (2,n -|- 2). This shows the principal difference from the case of Lorentzian 

^ . manifolds, where the analogous subalgebra f) C so(n) associated to the holonomy algebra 

J^ ' has to be the holonomy algebra of a Riemannian manifold. 

m 

O 1 Introduction 

o 

"^ , The classification of connected holonomy groups for Riemannian manifolds is well known, see 
d • ^ or pni for the history. For general pseudo-Riemannian manifolds the corresponding problem 
is completely solved only for the Lorentzian case, this was done recently, see UHl CH 1^1^. 
The Wu theorem (see ^j) reduces the classification problem for connected holonomy groups 
of pseudo-Riemannian manifolds to the classification of connected weakly-irreducible holonomy 
groups, i.e. groups that do not preserve any nondegenerate proper subspace of the tangent 
space. In j5j M. Berger gave a list of possible connected irreducible holonomy groups for pseudo- 
Riemannian manifolds. Thus we are left with connected weakly-irreducible not irreducible 
groups. Such Lie subgroups G C SO{l,n+ 1) were classified and divided into 4 types by 
L. Berard Bergery and A. Ikemakhen in [S], where to each G was associated a connected Lie 
subgroup H C SO{n), see also [TT]. In [THl 11111201 T. Leistner proved that the subgroup H C 
SO{n) associated to the holonomy group of a Lorentzian manifold must be the holonomy group 
of a Riemannian manifold. In ^3] metrics for groups of each type with the given connected 
holonomy group of a Riemannian manifold as the orthogonal part were constructed. 
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There are some partial results for holonomy groups of pseudo-Riemannian manifolds of signature 
(2, ?7, + 2). In 1998 A. Ikemakhen classified connected weakly-irreducible subgroups of S0{2, n + 
2) that preserve an isotropic plane and satisfy an additional condition, see ^^. To each such 
group was associated a connected subgroup H C SO{n). In jT^I for even n were classified 
connected weakly-irreducible not irreducible subgroups of SU{1, | + 1) C 5*0(2, n + 2) and to 
each such group was associated a connected subgroup H C f/(f ) C SO{n). The question is 
which subgroups H C SO{n) can he associated to the holonomy groups? In ^3] were constructed 
some examples of metrics, in particular it was shown that the subgroup H C SO{n) associated 
to the holonomy group has not to he the holonomy group of a Riemannian manifold. This 
shows the principal difference between our case and the case of Lorentzian manifolds. 
Since we consider only connected subgroups of SO {2, n + 2), we can do everything in terms of 
its Lie algebras. In the present paper we consider one type of weakly-irreducible not irreducible 
subalgebras of 5o(2, n+2). Each Lie algebra g'' of this type is uniquely defined by the associated 
subalgebra f) C so{n). For any f) C so{n) we construct a metric on ]R"+^ and show that q^ is 
the holonomy algebra of this metric at the origin, i.e. any Lie algehra g^ can he realized as the 
holonomy algehra of a pseudo-Riemannian manifold of signature (2, n + 2). 
In another paper we will construct analogous metrics for the Lie groups considered in jT2]- 
I am grateful to Helga Baum and M.V. Losik for remarks on this paper. 

2 Main theorem 



Let ]R^'"+^ be an n + 4-dimensional real vector space endowed with a symmetric bilinear form i] 
of signature (2, ra + 2). We fix a basis pi,p2,ei, ...,en,qi,q2 of M^'""*"^ such that the Gram matrix 
of rj has the form 
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1 

where £"„ is the n-dimensional identity matrix. 

Let so(2,n + 2)<pjp2> ^ so(2,n + 2) be the subalgebra that preserves the isotropic plane 

span{pi,p2}- The Lie algebra so(2,n + 2)<pj_p2> can be identified with the following matrix 
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This gives us a decomposition of so(2, n + 2)<pj^P2> i'^to the direct sum of the vector subspaces 
We will denote by prgo(„-) the projection map onto so{n) with respect to this decomposition. 
For any subalgebra i) C so(n) define the Lie algebra 
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> C5o(2,n + 2)<p^,, 
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It is easy to see that the subalgebra q^ C so(2, n+2)<p^^p2> is weakly-irreducible. The subalgebra 
() = pr5c(„)(g^) C so{n) is called ^/ie orthogonal part of the Lie algebra q^. 

Theorem 1 For any subalgebra [) C so(n) the Lie algebra Q^ can be realized as the holonomy 
algebra of a pseudo-Riemannian manifold of signature (2, n + 2). 

Proof. For any [) C so(n) we will construct a metric in the neighborhood of the origin 

G ]R^'"+^ and will show that the holonomy algebra of this metric at the point is exactly Q^. 

Construction of the metrics. Let dimf) = N and let Ai, . . . ,Aj\f be a basis of the vector 

space P). Let A\ be the element of the matrix Aa that lies at the intersection of the row i — 2 

and the column j — 2, where 3<i,j<n + 2 and 1 < a < N. 

We will always assume that the indices a,b,c,d,f run from 1 to n + 4, the indices i,j,k,l 

run from 3 to n + 2, and the indices a,f3,^ run from 1 to N. We will use the Einstein 

rule for sums. In particular, let (7i^...^(7rnax{n+4,Af} ^^^ -Di,...,-Dmax{n+4,Af} be some numbers 

or functions, then C"D„ = C^Di + ■■■ + C"+^L'„+4, CW- = C^D^ + 

C"D« = C^Di + ■ ■ ■ + C^Dn. 

Let (x") be the canonical coordinates on i?""*"^. Consider the following metric on i?""*"^ 

n+2 ra+2 



+ C"+2/}„^2 and 



^ = 2dx^dx''+^ + 2rfx2(ia;"+^ + ^(rfx^^ + 2 ^ u'dx^dx^'^^ + f{dx 
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Since go = r], we identify the tangent space to M""*"^ at with the vector space ]R^'"+^. 
Denote by i)olQ the holononiy algebra of this metric at the point G M"+^. We wont to prove 
that fjolg = g^. Since the coefficients of the metric are polynomial functions, the Levi-Civita 
connection given by g is analytic and the Lie algebra PioIq is generated by the operators 

R{X, Y)o, VR{X, Y- Zi)o, V^R{X, Y; Z,; ^2)0, ... G 5o(2, n + 2), 

where WR{X, Y; Zi, ...; Z^) = (Vz, ■ ■ ■ Vz^R){X, Y) and X, Y, Z^, Z2,... are vector fields in a 

neighborhood of the point 0. 

One can compute the following Christoffel symbols 

q^ = 0' (1) 

rk+3 = 0' (2) 

rU = 4.(^"^')"' (3) 

r:,^^' = K^' = 0, (4) 

r?, = r^, = 0, (5) 

-'- n+3n+3 ~ ■*- n+in+A ~ ~^ ■ l"J 

For r > let Rl,,,.j,,.,j^ be the functions such that V'R{£, af^! 5^; " " " ! a^) al^ = ^l ^ 

For components of the curvature tensor we have 

i ^, ^^ = ad. (x"+3)"-i; Yi-. , 

jn+Sn+A ja^ ' ' jab 



''b,c,d;fi;...;frdx°-' 



m„^,„^, = aM(x"+^r~'; R.^ = 0, if {a} u{b}^{n + 3,n + 4}, (7) 



Lemma 1 We have 



ryn+S pn+4 n /q\ 

Kbc - Kbc - U, [O) 

Rl, = 0, if 1 or 2 G {h} U {c} U {d}, (9) 

4„-,3 = 1' (10) 

4„+4 = 1' (11) 

<4y = -A- (12) 



■pa r>f -pa ryi 

J- bf^cdg - ^ bi^cdg^ 

■pf T3C -pi T3C 

J- ba^fdg - -L baJ^idg 



and we have two equalities analogous to the second one. 
Proof. Proof of the lemma follows from (0}, ©; dHl) and Q. □ 
Lemma 2 For any r > we have 

jDi ^ n 

-^icd;/i;. ..;/,;! ^' 

pi ^ D 

]cd;fi;...;fr;2 



Proof. Proof of the lemma follows from ^ and from the fact that the coefficients of the metric 

do not depend on x^ and x^. D 

Since the coefficients of the metric do not depend on x""*"^, we have 

oR-., ,. ,. 

^'''f^-f^ = (13) 

Lemma 3 Let r > be an integer. Then 
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ii) 




.■J.i. = 0' 



(iii) Let b, c fi,...,fr be fixed. If R\, , . = 0, then R\, , ^ , = 0. 

^ ^ ' •"^' '•>' -I -I jbc;fi;...;fr ' jbc;fi;...;fr;f 

Proof. We prove the lemma by induction over r. 
Let r = 0. We have 



dRi. 

I 

'jbc;k fir^k ' ^ kl^^jbc ^ kj'^^lbc ^ kb^^jlc ^ kc'^^jbl' 



jDi jbc pj T-,; pi j-,j pi j-,j pi ryi 



From (dl) and ((Tj) it follows that R\ ~ = 0, this proves part (ii) for r = 0. Part (i) for r = 

follows from (jZj). 

From 



dRi 

I _ 

'jbc;k f)rfk ' ^ kl^^jbc "^ kj^^lbc "^ kb^^jlc "^ kc^^jbl "' 



D« jbc -pi jyl -pi jji -pi j-yi ri rji n 



and 



dRi ,,,,.,., 
pi J"*^ -I- F* F?' f' r* f' ??* f' r* n 

jbc;n+3 ~ dx"''^^ n+Sljbc ^ n+3jibc ^ n+Sb-^jfc "^ n+3c-^J6f — "^ 



dRl .,,,,,,, 
pi j"'^ -I- F* r' f' r* f' ??* f' r* n 

jbc;n+4 ~ (^2;"+^ n+Al jbc ^ n+4j ffec n-^ib^'jic ^ n+ic^jbi " "^ 



follows part (iii) for r = 0. 

Now fix s > and assume that the theorem is true for all r < s. We must prove the theorem 

for r = s. 

We have 

pj jic\f\;---:fr-l _|_F* f?' F /?' F f?* 

jbc;fi;...;fr-i;k dx'' kl jbc;fi;...;fr-i kj ibc;fi;...;fr—i kb jic;fi;...-Jr—i 

pi pi F /?* ■ ■ • F /?* 

^c jbi;fi;...-Jr-i kfi jbc;l;...;fr-i fc/r-1 jbc;fi;...;V 

dRl , , ~ ' . . - . 

pj jbc;fi;...;f^_i _|_pj pi F' /?* F' /?* 

j6c;/i;...;/,_i;n+3 ~ dx"+3 "^ n+3ijbc;fv,...;fr-i n+3jlbc;fv,-;fr-i "+3 6'^j[c;/i;...;/,_i 

pi pj f' p* f' p* 



and 

j6c;/i;...;/,_i;n+4 ~ ax"+4 "^ „+4 « j-6c;/i;...;/,_i n+4jibc;fv,...-Jr-i "+4 6^j[c;/i;...;/,_i 

pi pi F ??* F /?* 

From the induction hypothesis for parts (ii) and (iii) it follows that R\, , , = 0, if at least 

•"^ ^ ^ ^ ^ ^ 3bc;fi;...;fr-i 

one of the numbers fi,...,fr-i belongs to the interval [3, ..., n + 2]. From this, O, 0, (0) and 
(fnil it follows that 



R^ f f £ = 0' (14) 

dii.. . , 

pi _ joc;h;---;jr-i /-, p-n 

jbcJr,-Jr-i;n+3 Sx'^+S ' ^ ' 

jbc;/i;...;/,_i;n+4 "■ n+4/-^j6c;/i;...;/,_i "■ n.+4i^[bc;/i;...;/,_i ^"-"^ ) 

Now the proof of the lemma is obvious. D 
We see now that 

if 4fec;/i,.,/,. ^ 0' then ^' c, /i, -, fr e{n + 3,n + 4} and 6 ^ c. (17) 

We also see that 

p5 _ j'n+3n+4;/i;...;/^_i /-.„s 

jn+3n+4;/i;...;/,._i;n+3 ~ 5x"+3 ' ^ ^ 

pi ^ pi pi ri JDi flQl 

jn+3n+4;/i;...;/^_i;n+4 ^ n+4f jn+3n+4;/i;...;/r_i ^ n+4j [n+3n+4;/i;...;/^_l- ^J-f; 

From this and (|7j) it follows that 

P^.o(n)(V^-^i?(^,^;||£_-j|T^)o) = rlA. (20) 

r — 1 times 

From (HU, (Uni), dni) and ^ it follows that g" C Pioto. 

Lemma 4 [)o[q C q^. 

Proof. From (jHl) it follows that [)o[o C g^°^'^\ We must proof that the projection of [)o[o to so(n) 
is i). From (fTTjl it follows that it is enough to prove that 

pr.o(n)(V^i?(^^;^,^^;^;^^;--- ;^^)o)Gf)for/i,...,/, G{n + 3,n + 4},r>0. 

We prove this by induction over r. For r = the statement follows from (jTj). 

Now fix s > and assume that the theorem is true for all r < s. We must prove the theorem 

for r = s. 

6 



li fi = ■ ■ ■ = fr = n + 3, than the statement follows from ()2()j) . 
Suppose that fr = n + 4, than from Q and (fT^ it follows that 

d d d d d 

Suppose that for some tq < r we have fro='n + 4, frg+i = ■ ■ ■ = fr = n + 3. From 0, (fTSj) 
and (fT^ it follows that 

, ., . d d d d d d ^ \\ 

P^Mn)^^ ^a2:"+3' 5a;n+4' -Q^^'^ ' ' ' ' ^x^O-l ' 5x^+4 ' 5x"+3 ' " ' ' 9x^+3''°'' 

r — ro times 

= (r-r„).[^..,.pr„,„,(V-fl(^.^;^;... ;5;^)„)1. (22) 

The statement follows from the induction hypotheses. The lemma is proved. D 
Thus we see that 

()Olo = 0^ 

D 
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